We investigate a Dirac action with extra dimensions. We first show that an N = 2 quantum mechanical supersymmetry is hidden in the four-dimensional (4D) spectrum of the Kaluza-Klein decomposition for the higher dimensional Dirac field, that is, Kaluza-Klein mode functions of 4D right-handed spinors and 4D left-handed ones form N = 2 supermultiplets. In addition to N = 2 SUSY, we discover that an N -extended supersymmetry (N = d + 2 (d + 1) for d = even (odd) extra dimensions) is further hidden in the 4D spectrum. The extended symmetry can explain additional degeneracy of the spectrum. We finally discuss a possibility whether the N -extended supersymmetry can reduce depending on boundary conditions.
Introduction
The models with extra space dimension are promising candidates beyond the standard model. These models could solve some problems left in the standard model. Many proposals in these models have been made to naturally explain various mysteries in the quark and lepton flavor structure.
To construct phenomenological models with extra dimensions, we decompose higher dimensional fields into KaluzaKlein (KK) modes and derive four-dimensional (4D) effective theories which consist of infinitely many 4D fields. Here, understanding the background structure which governs the mass spectrum is a salient subject in such studies. Interestingly, the 4D spectra in gauge/gravity theories with extra dimensions have been found to be governed by N = 2 quantum mechanical supersymmetries [1] [2] [3] [4] . We then expect that an N = 2 quantum mechanical supersymmetry will be hidden also in the 4D spectrum of higher dimensional fermions.
In this paper, we show that there generally exists an N = 2 quantum mechanical supersymmetry hidden in the 4D spectrum of a higher dimensional Dirac action with extra dimensions. The symmetry turns out to connect 4D right-handed spinors and 4D left-handed ones. Contrary to expectation, we further find an N -extended quantum mechanical supersymmetry with N = d + 2 (d + 1) for d = even (odd) extra dimensions. We then show that the N -extended supersymmetry explains the degeneracy of the 4D spectrum in the higher dimensional Dirac action. Explicit constructions of N -extended supersymmetry
Email addresses: y-fujimoto@oita-ct.ac.jp (Yukihiro Fujimoto), kouhei@phys.sci.kobe-u.ac.jp (Kouhei Hasegawa), nishiken@kias.re.kr (Kenji Nishiwaki), dragon@kobe-u.ac.jp (Makoto Sakamoto), kentaro@stu.kobe-u.ac.jp (Kentaro Tatsumi), i-ueba@stu.kobe-u.ac.jp (Inori Ueba) algebras with higher N have been investigated [5] [6] [7] [8] [9] [10] [11] , but what we found in this paper gives a new realization of the N -extended supersymmetry algebra. This paper is organized as follows: In Section 2, we clarify the properties of the mode functions of the Dirac field providing the 4D mass eigenstates. In Section 3, we reveal a hidden N = 2 quantum mechanical supersymmetry on such mode functions. We show a hidden N -extended quantum mechanical supersymmetry in Section 4. It is shown that the whole degenerate mode functions on the hyperrectangular internal space (extra dimension) can be explained by the N -extended supersymmetry. Section 5 is devoted to summary and discussion.
Higher dimensional Dirac action and KK decomposition
In this section, we discuss the KK decomposition of a higher dimensional Dirac field and clarify the properties of the mode functions of the KK decomposition. The decomposition is executed in such a way that the induced Dirac action at four dimensions (4D) is constructed in terms of the 4D mass eigenstates.
Let us consider the action of a free Dirac field on the direct product of the 4D Minkowski space-time M 4 and a d-dimensional flat internal space Ω given as
The x µ (µ = 0, 1, 2, 3) are the coordinates of the Minkowski space-time M matrices Γ N satisfy the Clifford algebra,
The Ψ(x, y) is the (d + 4)-dimensional Dirac spinor which has 2 d/2+2 components with mass M. The symbol d/2 + 2 is the maximum integer less than or equal to d/2 + 2. 1 n represents the n × n unit matrix. The Dirac conjugate is defined asΨ(x, y) = Ψ † (x, y)Γ
0
. It turns out to be very convenient for our analysis to use the following representation of the gamma matrices Γ N , based on the 4D chiral representation:
where σ a denote the Pauli matrices and γ y k (k = 1, 2, · · · , d) correspond to the internal space gamma matrices which satisfy (2)). 1 We define the 4D chiral matrix Γ 5 and the internal space chiral matrix Γ d+1 (for even d) by 2
The eigenstates of the 4D chiral matrix Γ 5 with the eigenvalue
In terms of the 4D left-handed (right-handed) two component chiral spinors φ
where e L = (1, 0) T and e R = (0, 1) T characterize the 4D chirality. The index n represents the n-th level of the KK modes and α 1 For the case of d = 1, γ y 1 is defined as i. 2 In odd dimensions, there is no internal chiral matrix corresponding to Γ d+1 or γ d+1 . 3 For two component spinors, we follow the notation adopted in [12] , which includes the followings:
denotes the index that distinguishes the degeneracy of the n-th KK modes (if exist). The mode functions f
α (y)) have 2 d/2 components and are assumed to form a complete set with respect to the internal space associated with the 4D left-handed (right-handed) chiral spinors φ
Substituting this expansion (6) into the action (1), we find
We note that A and A † are the off-diagonal components of the Dirac operator
We require that φ
α (x) are mass eigenstates of the 4D spectrum and that the action (7) should be written into the form
where ψ (n)
T are the n-th KK 4D Dirac fields with mass m n and φ α (y) satisfy the following orthonormality relations:
N = 2 quantum mechanical supersymmetry
In this section, we show that the orthonormality relations (10) imply that the mode functions f α (y) form supersymmetric partners (except for zero modes) in an N = 2 supersymmetric quantum mechanics (SQM).
Since the mode functions f α (y) are assumed to form complete sets on the internal space, Eq. (10) leads to the relations
It immediately follows that f α (y) satisfy the eigenvalue equations
and that the above relations (11) and (12) can be naturally embedded in a system of an N = 2 SQM, as explained below. Let us introduce the supercharge Q and the "fermion" number operator (−1) F such as
and then define the Hamiltonian by
This system is known as the N = 2 SQM (see reviews [13] ). 4 It should be noticed that the supercharge Q and the fermion number operator (−1) F are represented as
It follows that Q and (−1) F can be interpreted as the Dirac operator on the internal space and the 4D chiral operator, respectively. To rewrite the relations (11) and (12) in the language of the N = 2 SQM, we introduce
Then, in terms of Φ (n) α,± (y), the relations (11) and (12) can be rewritten as
with
We call Eqs. (11) and (17), supersymmetric relations. The mode functions Φ
are (at least) doubly degenerate in the spectrum except for zero energy states (see Figure 1 ), and they form N = 2 supermultiplets. Thus, the N = 2 supersymmetry turns out to be hidden in the 4D spectrum of the higher dimensional Dirac theory, as well as higher dimensional gauge/gravity theories [1] [2] [3] [4] .
Here, a question arises about the degeneracy of the spectrum. Although the N = 2 supersymmetry assures a pair of eigenstates in the spectrum, as seen in Figure 1 , the degeneracy of the spectrum in the higher dimensional Dirac action is found to be much larger than that expected by the N = 2 supersymmetry (see Figure 2) , in general. This fact suggests that there should exist some symmetries in addition to the N = 2 supersymmetry. To reveal hidden symmetries on the degeneracy of the spectrum is the purpose of the next section.
Before closing this section, we should give a comment on the Hermiticity property of the supercharge. The supercharge Q has to be Hermitian in the N = 2 SQM but the Hermiticity 4 If one defines Q 1 = Q and Q 2 = i(−1) F Q, then they form the N = 2 supersymmetry algebra {Q j , Q k } = 2H δ j k for j, k = 1, 2.
of Q would not be trivial if the internal space Ω has boundaries. To verify the Hermiticity of Q, let us examine the variational principle of the action, δS = 0, which leads to the (d + 4)-dimensional Dirac equation and also the condition for the surface integral, i.e.
for any n, m, α, β andñ,m,α,β. The n y k is a normal vector at each point of the boundary ∂Ω. It turns out that the supercharge Q is Hermitian, provided that boundary conditions on f α (y) of the higher dimensional Dirac field are, in general, multiply degenerate at each KK level. An Nextended supersymmetry with the supercharges
is hidden in the spectrum.
N-extended quantum mechanical supersymmetry
Interestingly, the previous N = 2 supersymmetry can be enlarged to an N -extended supersymmetry describing the additional degeneracy of the spectrum. The supersymmetry has d + 2 (d + 1) supercharges for d = even (odd) extra dimensions. The supercharges form the N -extended supersymmetry algebra such as
where
The Hamiltonian H is the same as that given in the N = 2 supersymmetry algebra. The supercharges are defined by the composition of the reflections operators as
for even dimensions, and
for odd dimensions. R k (k = 1, 2, · · · , d) denotes the reflection operator for the y k direction, 5 i.e. R k : y k → −y k , and P = d k=1 R k represents the point reflection (or parity) operator of the internal space. Here (when d is more than one), the element i(−1) F Q is not included in this algebra since it is commutative with the other components except for Q.
We note that the supersymmetry algebra (21) can be regarded as a Clifford one for a fixed non-vanishing eigenvalue of H. It implies that eigenfunctions at each KK level will form representations of the Clifford algebra.
To demonstrate that the supercharges Q j can explain the degeneracy of the spectrum at each KK level with m 2 n > 0, let us consider, as an example, the d-dimensional hyperrectangle internal space:
) is the length of the k-th side of the hyperrectangle with the Dirichlet boundary condition on g
Then, the supersymmetric relations (11) (or (17)) lead to the following boundary condition on f (n) α (y) [15, 16] :
It should be emphasized that the boundary conditions (25) and (26) are compatible with the N -extended supersymmetry.
The n-th mode functions g (n)
α (y) and f (n) α (y) with a KK mass m 2 n > 0 are found to be of the form
where h (n) (y) is a scalar function. Hereafter, we adopt the following variables for representing α concretely, where the basis 5 The relation of the reflection operators is taken care of:
vectors of the spinor space e α = e s 1 s 2 ···s d/2 (s p = ± for p = 
, and is explicitly given by
It is easy to verify that the N -extended supercharges Q j can explain the degeneracy of the mode functions, as we expected. We can derive the following general relationships with 
and for d being odd, 
where flips are observed in one of the internal chiralities for the cases of (31) and (33). Here, we adopt the notation (being similar to that in Eq. 
We summarize the above statements as follows. Once a single mode function g (n)
α (y) (or f (n) α (y)) is given (for fixed α), the whole mode functions can be obtained by successively operating the N -extended supercharges on g 
Summary and discussion
In this paper, we revealed the hidden N = 2 quantum mechanical supersymmetry in the KK decomposition of the higher dimensional Dirac field. The N = 2 supersymmetry 6 Note that g 
